DISPERSIVE ESTIMATE FOR THE ID SCHRODINGER 
EQUATION WITH A STEPLIKE POTENTIAL 



PIERO D'ANCONA AND SIGMUND SELBERG 
Abstract. We prove a sharp dispersive estimate 

[P«ott(t,«D)|<C|t[- 1 /i«.[|tt(0)|| X ,l (R) 

for the one dimensional Schrodinger equation 

iu t - u X x + V(x)u + Vo(x)u = 0, 

where (1 + x 2 )V E L 1 (R) and Vb is a step function, real valued and consant 
on the positive and negative real axes. 



1. Introduction 
The dispersive estimate for the Schrodinger equation on R™, n > 1, 
iu t — Ait = 0, u(0, x) — f(x) 
states that, for all / 6 L 1 (R n ) and t ^ 0, the solution satisfies 

(1.1) \u(t,x)\<C\t\-^\\f\\ Ll{Kn y 

The sharp constant is C — (47r) - "/ 2 . Estimate (1.1) is elementary and follows from 
the explicit form of the fundamental solution; nevertheless, it represents the starting 
point for a large number of important developments including Strichartz estimates 
and the local and global well posedness theory for nonlinear Schrodinger equations. 
Thus the problem of extending (1.1) to more general equations has received a great 
deal of attention. 

Potential perturbations of the form 

iu t — Ait + V(x)u = 

(on R", n > 3) were considered in many papers, starting with [18], with improve- 
ments at several reprises (see e.g. [25], [26], [27], [17], [11])- Focusing on the one 
dimensional case 

(1.2) iu t - u xx + V(x)u = 0, 

which is the subject of this paper, the first proof of the dispersive estimate is 
surprisingly recent and due to Weder [22]. His result was improved by Artbazar 
and Yajima [2], who actually proved the more general fact that the wave operator 
associated to — + V(x) is bounded on L p for all p. Finally, Goldberg and Schlag 
[17] proved (1.1) for potentials satisfying (l+x 2 )V € i 1 (R), or the weaker condition 
(1 + \x\)V € L 1 (R) plus an additional nonresonant condition at 0; these conditions 
on the potential are conjectured to be optimal. Under the same assumptions on 
V, the L p boundedness of the wave operator was proved by D Ancona and Fanelli 
[10]. We also mention that potentials with slower decay present new phenomena as 
evidenced in [5], [6]. 
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Thus the problem of dispersive estimates for potential perturbations is essentially 
settled in ID if the potential is small in the appropriate sense at infinity. Notice 
that we can add a real constant to V without modifying the dispersive properties 
via the gauge transformation u — > ue lXt . Hence a more precise statement is that 
dispersion has been proved for potentials having the same asymptotic behaviour at 
x — > ±00. 

Here we consider a more general kind of potential with possibly different asymp- 
totic behaviours at +00 and —00. We call a steplike potential a potential of the 
form 

V(x) + V (x) 

where 

VeL\R), V (x) = {V- • *<0 V _, V+eR . 

It is not restrictive to assume V— < V+ as we shall do from now on. 

In the physical literature, steplike potentials are also called barrier potentials 
and are used to model the interaction of particles with the boundary of solids (see 
[16] for a general discussion of problems with nontrivial asymptotics). 

Steplike potentials occur also in general relativity. An example is given by the 
radial Klein-Gordon equation O g ii — m 2 u — on a (radial) Schwarzschild back- 
ground 



/ 2M\ , , / 2M\ 1 
= - 1 )dt 2 + 1 



9 = ~[l-=f- )de+{l-=f- j dr* 

Here M > is related to the mass of the black hole and r > 2M is a radial variable. 
If we introduce the Regge- Wheeler coordinate 

' r — 2M S 

(1.3) s = r + 2Mlog' ' ~ 



2M 

and denote with r(s) the inverse function of (1-3), the radial Klein-Gordon equation 
takes the form 



, 2 2M 
u u - u ss + v(s)u = 0, v{s) = I m 1 



r(s) 3 

It is easy to check that the asymptotic behaviour of v(s) is 



\ / 2M\ 



v(s) 



in 2 + 0(s 3 ) for s -> +00 
0(e (2Af)- 1 s) for 

s — > —00, 



so that the equation is reduced to a wave equation perturbed with a steplike po- 
tential. 

Despite the significance of this class of potentials, mathematical studies have 
considered only the problem of direct and inverse scattering, with the usual appli- 
cations to the Korteweg-de Vries equation, following the classical theory of [14] and 
[13]. A quite detailed theory was established in [4], [9], [12], [15], [1], [7], [8], [19]. 
See also [3] for a more recent take on this class of problems. . 

On the other hand, to our knowledge, the dispersive properties of evolution 
equations perturbed with steplike potentials have never been investigated. Our 
goal here is to initiate this subject. The basic model is the Schrodinger equation 

(1.4) iu t - u xx + V a (x)u = 0, u(0,x) = /(x) 

where as above Vq(x) is a piecewise constant function equal to V+ for x > and to 
V- for x < 0, V- < V + . As a preparation to the study of more general potentials, 
in Section 2 we compute explicit kernels both for the resolvent of the operator 
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—d 2 /dx 2 + Vq and for the fundamental solution to (1.4). As a first application, we 
prove that any solution of (1.4) satisfies the dispersive estimate 

(1.5) |u(t 1 i)|<C||/|| i i.|t|- 1/a , t?Q. 

It is easy to check by a gauge transform and a rescaling u — > e tXt u(a 2 t, ax) that 
the constant in the dispersive estimate does not depend on V± . 

After this preliminary study of the model case (1.5), we pass to the general 
situation of a Schrodinger equation 

(1.6) iu t - u xx + Vqu + V(x)u = 0, u(0,x) = f(x) 

where Vb is perturbed with a potential V(x) belonging to a suitable weighted L 1 
class. In order to state our result, we recall that the operator —d 2 /dx 2 + V + Vq 
typically has a nonempty point spectrum, contained in (— oo,0]; since bound states 
do not disperse we need to project them away. We denote by P ac the projection on 
the absolutely continuous subspace of L 2 (M.) associated to the operator. Then the 
main result of the paper is the following: 

Theorem 1.1. For any f € L (R) and any real valued potential V{x) satisfying 

(1.7) {l + x 2 )V(x) £ L\R), 

the solution u(t,x) to (1.6) satisfies the dispersive estimate 

(1.8) |i > «c«(t,a:)|<C||/|| L i.|t|- 1 / 2 . 

Section 3 is devoted to the proof of Theorem 1.1. As usual, we need to treat 
high frequencies and low frequencies with separate methods. Notice that for the 
high frequency part of the solution, dispersion can be proved under the weaker 
assumption V £ i 1 (R). The low frequency part is more difficult to estimate, 
and requires some rather precise information on the asymptotic behaviour of Jost 
solutions for the corresponding Helmholtz equation. 

Remark 1.1. It is natural to question the optimality of the assumption (1 + x 2 )V £ 
L 1 . A reasonable conjecture is that (1 + x 2 ) 1 ' 2 V(x) £ L 1 with 7 > 1 should be 
enough, provided some spectral assumption is made to exclude resonance at 0. In 
the classical case Vb = 0, the standard assumption is that the equation 

-/" + V(x)f = 

has two linearly independent solutions /+, /_ with the asymptotic behaviour 

/+ ~ 1 as x — > +00, /_ ~ 1 as x — > —00. 

Potentials V(x) satisfying this condition are called generic, while they are called 
exceptional when the condition fails. Notice that V = is of exceptional type. 
When Vb is not zero, e.g., the Heaviside function, the asymptotic for / + should 
be modified to require /+ ~ e~ x as x — > +00. We prefer not to pursue here the 
delicate question of the optimal assumptions on the potential. 

The main application of dispersive estimates concerns problems of global well 
posedness and stability for nonlinear perturbations of the equation. We shall devote 
further works to this aspect, while here we shall focus on the linear estimates 
exclusively. 

2. Resolvent operator and dispersive estimate for -d 2 jdx 2 + V 
Throughout the paper, for complex numbers z we denote by 
z 1 ! 2 the square root of z with ^z 1 ! 2 > 0. 
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For any z £ M, let Rq(z) = (Hq — z) 1 be the resolvent of the selfadjoint operator 

,2 

Hq = —-ts + Vo, where Vq is the piecewise constant function 

V a = V- for x < 0, V = V+ for x > 0. 

Both the selfadjointness of Ho and the fact that <j(Hq) = [V-, +oo) follow from the 
standard theory. Denoting by r±(z) the functions 

(2.1) r± = {z-V ± ) l '\ z^[V-,+^) 

we see that Rq can be represented as an integral operator 

R (z)f= [ K° z (x,y)f(y)dy 



where the kernel K®(x, y) is expressed by the following formulas: for all y < x E R, 
(2.2) 

[^ ir - {x - y) + d-v^^- { ' x ~ y) if y < x < °. 

K° z (x,y) = K° z (y,x) = I w -± f - ) e ir +*e- ir -y iiy<0<x, 

1 r_-r + j r+ (x+y) j 1_ p ir+ (x-y) if f) < 7/ <T r 

The explicit formula for K® can be computed by an elementary application of the 
standard theory of ordinary differential equations. Notice that the kernel has a well 
defined limit as z approaches a point of the spectrum of Hq from above and from 
below (with different limits). 

The spectral formula allows to represent any function 4>(Hq) of the operator, for 
sufficiently nice (f>, as the L 2 limit 

(2.3) <t>(H )f = lip f cj>{z)R Q {z)fdz 

over a curve 7 e which in the present case can be taken as the union of the straight 
half lines z — A ± ie, A > V—, with the left semicircle of radius e around z = V-, 
from +oo — ie to +oo + ie. After the change of variables z — w 2 + V- we can 
rephrase the spectral formula as 

/+oo 
0(A + y_)Ai? o (A 2 + T/_)/dA 
-oo 

where the limit operator 

Ro(\ 2 +V-)f = J K x (x,y)f(y)dy 
has a kernel K\ given by the following expressions valid for all y < x € R: 



e iX(x-y) + 1 X-p+ e iX(-x-y) Hy <X <0, 



2i\^ 1 2i\ \+p+ 

(2.5) K x (x, y) = K x (y, x) = { i^e^e"^ if y < < x, 



Lta e v+(i+rf + i e ip+(x-y) if o < y < X 



»(p + +A) 
1 A- 

and the function p+(A) is defined as 

f (A 2 - 8 2 ) 1 / 2 if A > 6, 
(2.6) P+ {\) = U{5 2 - X 2 ) 1 ' 2 if-£<A<<5, 5 2 = V+-V->0. 
[-(X 2 -S 2 )^ 2 if A < -5. 

Notice that (2.5) is a simple instance of the limiting absorption principle; indeed, 
the kernel K\ is a bounded function and hence defines a bounded operator from 
L 2 ((x} 1+ dx) to L 2 ((x)^ 1 ^ dx) as in the standard theory. 
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We can now use (2.4), (2.5), (2.6) to represent the solution of the Schrodinger 
equation (1.4) via the formula 



/+oo 
Ue ity XK x {x,y)f{y)dyj dX. 

The factor e ltv - is inessential and will be dropped from now on (i.e. we can assume 
V- = 0). Moreover, as remarked in the Introduction, by a rescaling we can assume 
5 = 1. Thus from now on the function Vq will be taken equal to the Heaviside 
function 

V (x) = l+(x) = l [0:+oo )(a;). 
In order to swap the integrals and perform some stationary phase calculations 
we introduce a cutoff function with the following properties: \ € C^°(R) is an even 
function, 

(2.8) X(A> = {° fc^I. 

Then we shall study the operator 
(2.9) 

XM(H )e ltHo f = J J e ux2 X XM (X)K x (x,y)dX f(y)dy, XM (X) = X ijj 

Notice that, in order to prove (1.5), it will be sufficient to prove a dispersive L 1 — L° 
estimate for the truncated operator (2.9), uniform in M » 1. 
Finally, it is clearly sufficient to prove the pointwise estimate 

<-+oo 



(2.10) 



e 



nx- 



XxM(X)K\(x,y)dX 



< C\t 



-1/2 



for some constant C independent of M, x and y. The rest of this section is devoted 
to the proof of (2.10). By symmetry we can assume y < x, and recalling (2.5) we 
shall handle separately the three cases y<x<0,y<0<x and < y < x. 

2.1. First case: y < x < 0. Apart from inessential numeric factors, we must 
estimate the two terms 

(2.11) v(t,A) = J X Ai{Xy tx2 e lXA dX, A = x - y > 
and 

(2.12) w(t,A)= [ XM (X) x —^+e ux2 e tXA dX, A = -x - y > 

uniformly in M and y < x < 0. By a standard trick we regard v(t, A) as a solution 
of the ID Schrodinger equation 

iv t - V A A = 
and hence we can apply the usual dispersive estimate 

\v\ < ir 1/2 IKo,A)|U v \\v(o,a)\\ l1a = \\x^\W = HxlUi. 

Thus we get 

(2.13) H < HxlUx ■ |t|"Va 
A similar strategy applied to w(t, A) gives 

h < ir 1/2 ii/iiLi 

with 

(2.14) /= / \-P±e tXA XM (X)dX. 

. X + P 4- 
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Notice that for A > 1 (recall that 6=1) 
X-P+ 1 



X + P+ (X + p+) 2 (A + (A-1)V 2 )< 

and analogously for A < — 1, — 1 < A < 1, thus we have 

1 



I 



XAtdX. 



(A + P+) 2 

Introduce now an additional cutoff ip(X) in the integral to isolate the Holder singu- 
larity around A = 1 of p + , i.e., choose tp £ C°°(M) with 



1 if A > 3, 
if A < 2 



and consider the corresponding piece of the integral 



(2.15) h = 

Two integrations by parts give 

\\h\ 



iXA 



(A + P+) 2 

IpXM 



Xm(A)c?A. 



< 



(A + P+) 2 



which is uniformly bounded for M > 1. 

The piece of / near A = 1 is more delicate. We choose a new cutoff which we 
denote again by -0 S supported in [—1/2, 3] and consider I 2 given by 



(2.16) 



A - p + 



e lXA i>XudX 



A - p+ 



^dX 



X + P+ 

where we can suppress \m since ipXMip f° r M > 1. We decompose the singular 
factor into even and odd part using the identity 

A - s X 2 + s 2 



X + s A 2 - 

obtaining (recall p\ = X 2 — 5 2 = X 2 — 1) 



2sA 

A 2 - s 2 



A - P+ 
A + P+ 



(2A 2 - 1) - 2Ap 4 



The term in (2A 2 — 1) is trivial since (apart from numeric factors) 



(2A^ - l)ipe iXA dX = -2ip"(A) - tp(A) 



which is certainly L 1 bounded. On the other hand, we can split 



Xipp+e lXA dX = 



-+-00 



and we shall focus on the first term since the second one is entirely analogous. We 
rewrite it as 

n+OO 



Xipp + e iXA dX 



^ 1 {X)X 1/2 e lXA dX-e 



Vi(A) = (A + 1) 3 / 2 ^(A + 1) 



and notice that, again, ipi € . This kind of integral is standard; applying e.g. 
estimate (A. 2) in the Appendix we get 

e + OO 



X^p+e lXA dX 



< C(i/j)\A\- 3/2 , 
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while we have directly 



+00 



Xi/jp+e iXA dX 



< cm 



Summing up we obtain 1 1 ^2 1 1 i \ ^ C as required. The estimate of the remaining 
part of I is identical, using cutoffs supported in (—00, —2] and [—3.1/2] as above. 

2.2. Second case: y < < x. The quantity (2.10) takes the form (y —> —y) 

A e ip + x e iXv e iX \ M dX, x,y > 0. 



P++X 

We split the integral in three parts 
I + 11 + III 



+00 



— 1 J — 00 



After a reflection A — > —A and a conjugation in III we see that parts I and 777 
have the form 



I, III = 



X 



The basic tool will be the following Lemma 
Lemma 2.1. For all b > 1, x, y > 0, 



e lp + x e lXy e ±lx2t XM dX, x, y > 0. 



(2.17) 



A 



1 p+ + X 



e %p+x iXy e ±i\ t 



< 151*1 



-1/2 



Proof. We recall one form of the van der Corput Lemma (see [20]: for any C 2 
function <fr : [a, b] -+ M such that > 1 on [a, b], 



(2.18) 



< 10|*| 



-1/2 



^(6) + / |V'(A)|dA 



Consider the + case in (2.17); we can assume t > 0. After the change of variables 
p = p+(A) ==+ A = (/i), A <iA = pdp 

the integral becomes 



U 



/i + (/i) 

We apply now (2.18) with the choice 
<X/i)=/i 2 + 1 + M? + <M>7 



e ifiX e i(fi)y e i{n +l)t 



dp. 



and we obtain 



|I+I< 



10 

j*^ 



Noticing that 



1 



= 2 



f 1 

P+(p) 



1 2/ 



< M >3* 



> 2 



ji + (/i>; ( Ai )( A i + ( M )) 2 

we arrive at (2.17). 

Consider now the case of a minus sign in (2.17). We take as a phase function 

1 



0" 



(A 2 - l) 3 / 2 * 



< -2 
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(the singularity of the phase at A = 1 can obviously be overcome by restricting on 
an interval [1 + e, b) and letting e i 0, since the final estimate is uniform in e). As 
above we obtain 



IJ-I < 



10 

W 2 



X 



Since 



A 



A + VaT - T 



1 



dX 



.a+va^t/ va2^T(a + va^T) 2 

we conclude again with (2.17). 

Now in order to estimate / (or III) it is sufficient to write it as 

I = F* X G 

with 



□ 



F 



KM 



A 



lp + x e lXy e lX2t dX, 



G 



e lXx X (X/M)d\ 



X + p+ 

and apply Young's inequality and (2.17) 

\i\ < ii^iu-jGiuj < lsir^iwu- 

For the remaining piece II we need a refinement of the van der Corput Lemma 
(2.18) which is proved as follows. If the function ijj(X) is real valued and monotonic 
on [a, 6], we can rewrite (2.18) in the equivalent form 



< 10|i| 



-1/2 



<//(A)dA 



<3ouh~\tr i/2 . 



As a consequence, if the phase <fi(X) satisfies \<fi"\ > 1 on (a, b) and if both ^sip and 
SR'i/i make at most N oscillations on the interval [a, b], the following estimate holds 



(2.19) 



s **W*^(A)dA 



< eoTvi^iUooiti- 1 ^ 



independently of a, b. 

Cnsider now the term II: 

II = 



X 



ip+x e i\ Ve it\ dx 



recalling that in the range — 1 < A < 1 we have p+(A) = i(l — A 2 ) 1 / 2 and \m = 1- 
We shall use estimate (2.19) with the choices 



A 2 + A^ 



b" >2 



and 



A 



_ elp+x = (A 2 _ a(1 _ A2) l/2 ))e -(l-A 2 )V^_ 



P+ + X 

It is trivial to check that both the real and the imaginary part of tp make at most 
2 oscillations on [—1, 1], while < 1, and in conclusion 

\ii\ < i2okr 1/2 . 
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2.3. Third case: < y < x. Apart from a factor 2i, the quantity (2.10) in this 
case is the sum of two terms 



w{t, A) = I —e ip + A j tX \ M dX, A = x - y > 
P+ 



and 



v(t,A)= f 2LP±_± e iP + AjtX> dX A = x + y>0. 
J P+ P+ + * 

Now w(t, A) solves the modified Schrodinger equation 

iw t -w AA + S 2 w = =*> \w\ = \e~ l52t w\<\t\- 1/2 \\w(0,A)\\ L i A , 
and hence we are reduced to give a uniform L\ bound of the integral 

(2.20) 7 = / —e^ A X MdX. 

J P+ 

We notice that for — 1 < A < 1 the function p+(A) = i(l — A 2 ) 1 / 2 is even and so is 
Xm(A), hence the part of the integral on [—1,1] vanishes. Performing the change 
of variables 

p = p+(X) =$> X = sgn u ■ (it) , — dX = dp 

P+ 

in the remaining parts we get 

t>— i r+oo r+oo 

(2.21) I = / + / = / e^ A XM {(p))dX 



since \ is an even function. Writing x{p) = x(/i 2 ), X € C£°i we have then 



I/, 



o 1 1 z, i 



<^ / |(i-a 2 )x(/^ + M- 2 )|^ 



which is bounded independently of M > 1. 

The second term v(t, A) can be estimated directly using a stationary phase ar- 
gument. For the region A > 1 we change variable as above 

'•+- A^ e WVVA = ^ [ +0 ° ^M e ^ A ^ XM ((p))dp 
P+P+ + X J /i + (/i) 

and we can apply the strong form of van der Corput (2.19) since the phase staishes 

4>0i) =p 2 + j => 4>" > 2 



while the amplitude 

/J >} - X m((m)) = - 1 - 1p 2 )XM({p)) 



n + (m) ' 

is bounded by 1 and makes a finite number of oscillations on (l,+oo). Thus this 
part of v(t, A) decays like lil" 1 / 2 , uniformly in M, A. An analogous argument gives 
the same bound for the region A < — 1. For remaining part of the integral on 
— 1 < A < 1, noticing that the cutoff is equal to 1 there, we split further into the 
piece 

p+ p+ + X 

and a symmetric one for — 1 < A < which is estimated in an identical way. 
Changing variable as A = yl — p 2 the integral becomes 



P + — P 2 
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and we can apply again (2.19) choosing as phase cf> = —p and as amplitude 



p - i^/l 



H = -— + l+(x) + V(x), FeL'fl) real valued, D(H) = H 2 ( 



p + i^/l- p? 

Notice indeed that the amplitude is bounded since A > 0, and both its real and 
imaginary part make a finite number of oscillations on (0, 1) independent of A. 
Thus also the last piece decays as |i| -1 / 2 and the proof is concluded. 

3. General step potentials 
Consider now an L 1 perturbation of Hq of the form (1 + = lm+oo)) 

dx 2 

By the standard theory (see e.g. [23], [24], [21]) H is a selfadjoint operator, and its 
spectrum decomposes as 

a{H) =a p (H)U<j ac {H), <r ac {H) = [0, +oo), a p = {Xj}j>i C (-oo, 0]. 

The sequence of negative eigenvalues, if infinite, can accumulate only at 0. 

3.1. Low frequencies. From now on we make the stronger assumption on V 

(3.1) (1 + x 2 ) ■ V(x) G L 1 (M) 

(although for several results the weaker condition (1 + \x\)V G L 1 would be suffi- 
cient). Then most of the standard theory of Jost solutions (see [13]) carries through 
to the case of step potentials, as proved in [9]. We recall the essential facts that we 
shall need in the following. 

Consider the resolvent equation on K 

(3.2) --^f(z,x) + (l++V)f(z,x) = z 2 f(z,x), zeC, 3z > 0. 

In order to describe the Jost solutions we extend the definition of the function p+(z) 
to the upper half plane {Qz > 0} as 

(3.3) P+[z) — the branch of (z 2 — l) 1 ^ 2 with nonnegative imaginary part. 

Notice that for real z this reduces precisely to (2.6). The function p+(z) is contin- 
uous on {3z > 0} and analytic on {5z > 0}, and is a bijection of {3z > 0} onto 
the upper half plane with a slit 

Q = {^z>0}\S, S = {z G C: 5Rz = 0, < 3?z < 1} 

with a jump across the slit S. Then, under assumption (3.1), for each z with 3z > 0, 
equation (3.2) has two solutions f±(z,x) uniquely determined by the properties 

(3.4) e~ lp + {z)x f+(z,x) -> 1 and e - lp+{z)x f + {z, x) -> ip+(z) as x -> +oo, 

(3.5) e lzx f-(z,x) -> 1 and e tzx f'_ (z, x) —iz as x -oo. 

Such solutions are called the Jost solutions of the resolvent equation (3.2). Their 
Wronskian 

(3.6) W(z)=W[f + ,f-} = f + (z,0)d x f.(z,0)-f.(z,0)d x f + (z,0) 

is continuous on {Sz > 0}, analytic on {Qz > 0}, and satisfies the fundamental 
property 

(3.7) W{\) ^ for ^ A G E. 

According to the standard terminology, when the Jost solutions are independent at 
A = i.e. when W(0) ^ 0, the potential 1+ + V is said to be of generic type, while 
in the case W(0) = it is said to be of exceptional type. 
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Theorem 3.1 (Lemma 2.4 in [9]). Assume the potential V(x) satisfies 

(3.8) (x) 2 V{x) G L 1 (R). 

T/ien i/ie Wronskian W(z) = [f+(z, x), f—(z, x)] is continuous for Qz > 0, analytic 
for Qz > 0, and different from zero for all z G K \ 0. Moreover, 
(i) either W(0) ^ 0, 

(ii) or W(0) = and /or some real 7 7^ 

(3.9) jWo) = lim 2^ = irf. 

Now consider the resolvent equation (H — z 2 )u — h for h € L 2 and z 2 ^ K + 
i.e. 5z > 0. The solution u = R(z 2 )h E L 2 can be expressed by standard ODE 
theory using the method of variation of constans, via the kernel 

( f+(z,x)f-(z,y) 

(3.10) K,(X,V)=\ W{z) ^y<x, 

\lC z (y,x) for y > x 



R{z 2 )h = (H — z 2 Y x h = / K, z {x,y)h{y)dy, 3z > 0. 



as 



Notice that the continuity of f± as z approaches the real axis from positive imag- 
inary values implies that the limit operators R(X 2 + iO), X 2 > 0, with kernel K\ 
given by (3.10) with z — A, are well defined as operators between suitable weighted 
L 2 spaces (i.e., the limiting absorption principle holds for H). Notice also that the 
limits from negative imaginary values are given by 



R(X 2 - iO) = R(X 2 + iO) with kernel K x (x, y) = K-\(x, y). 

Hence, by the spectral theorem, fixed any cutoff function x(V~s) € C^°(R + ) equal 
to 1 in a neighbourhood of 0, we can represent the low frequency part of the solution 
e ltH f as 

r+°o r , 

(3.11) P ac e ltH X {H)g = C / / e ltx X X (X)K x (x,y)g(y)dydX. 

J —00 J 

Here we have used a change of variables A — > X 2 in order to express the solution as 
an integral on the whole real line. The projection P ac on the absolutely continuous 
subspace of H is necessary in view of the possible existence of (negative) eigenval- 
ues. The precise choice of the cutoff \ will be made later when studying the high 
frequency case in Section 3.2. 

In view of (3.10), we have the formula 

(3.12) P ac e ltH X {H)g = I + II 
where, apart from inessential constants, 

and 

(3-14) // = / e- 2 MX >Mf' x) g {v)X X (X)dXdy. 

It is not restrictive to assume that t > since the estimate for t < can be deduced 
by conjugation. Moreover, the two pieces I and II can be handled in a completely 
analogous way so in the following we shall focus on the first term / only, with y < x. 
We introduce the standard normalization 

(3.15) m+(X,x) = e- lp +^ x f+(X,x), rri-{X,x) = e iXx f_(X,x) 
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so that m± — > 1 as ±x — > +00. The functions m± are usually called the Faddeev 
solutions. Notice that the equations satisfied by m± are respectively (1_ = 1 — 1 + ) 

(3.16) m" + 2ip+(\)m' + = (V - l-)m+, m"_ - 2iXm!_ = (V + l+)m_. 
Thus our goal is a decay estimate for the integral 

(3.17) 7= / { + °° e^ 2 W*e-»v W+ ( ^ A X (A)dA g (p)dy 



J/<X 



W(A) 

and in view of (1.8), it is sufficient to prove that for all t > 

f +00 

(3.18) 



e *# e i P+ (x^-ixy m +( A ^- ( A ' ») Ax( A)rfA 



uniformly in x, y € R with y < x. 

Theorem 3.2. Assume the potential V(x) satisfies (3.8), and Zei m± tte .Fad- 
deeti solutions defined in (3.15). Then there exist a constant Cy and a continuous 
increasing function (f>v(%) '■ R + ~~ ► R + suc/i that the following holds: 

(i) rri—(X,x) is of class C 1 on (A, a;) € R 2 and satisfies the estimates 

(3.19) \m-(X,x)\ + \d x m-(X,x)\<C v forx<0, 

(3.20) \m-(\,x)\+\d x m-(\,x)\<(t>v(x) forx>0; 

(ii) m + (X,x) is continuous om (X,x) £ R 2 , of class C 1 for X ^ ±1, and satisfies 
the estimates 

(3.21) \m + (X,x)\<C v , \d x m+(X,x)\ < J^yi forx>0, 

(3.22) \m+(\,x)\<Mx), \dxm+(X,x)\ < ^M~ 2 forx<0. 

(Hi) More precisely, there exists K > such that, for all X G R 

(3.23) 1- Ka v {x) <m + (X,x) < l + Ka v {x) forx>0 
and 

(3.24) - Ko- v (x) < d x m+(X,x) < Ka v (x) forallxeR, 
where 

/•OO 

av(x)= / (l + \y\)\V(y)\dy. 



The same estimates hold for m_, d x m_ for all X € R and x < 0, x € R 
respectively. 

Proof. The proof is a reduction to the standard theory for integrable potential, as 
follows. For a fixed M > 0, define the modified potential Vm as Vm = V + 1+ for 
x < M, Vm — for x > M; then we have (x) 2 Vm(x) € L X (R) and the standard 
theory applies. In particular, denoting by <7_ (A, x) the Jost solution of 

-9" + Vug = X 2 g 

with e zXx g- — > 1 as x — > —00 and writing n-(X,x) = e lXx g-(X,x), we know by 
Lemma 1 in [13] and Lemmas 3.5-3.6 of [2] that n_(A, x) is of class C 1 on R 2 , that 
?i_ and d\n- are bounded for x < 0, while for a; > 

|n_(A,aO| < C(x), \d x n-(\,x)\ < C(x) 2 , 

where the constant C depends on the L 1 norm of (x) 2 Vm and hence is an increasing 
function of M only. Since our Jost solutions m_(A, x) coincide with ri-(X,x) for 
x < M, we deduce part (i) immediately. By analysing the proof in [13] one can 
check that the function 4>v{x) grows exponentially, but we shall not need this. 
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The study of m + is only slightly more difficult. We proceed in a similar way: 
for a fixed N < 0, we define Vn(x) = V(x) — 1 for x > N (where 1_ is the 
characteristic function of HP), Vjv = for x < N, and we consider the equation 

-g" + V N (x)g = (A 2 - l)g = P+ {X) 2 g. 

Notice that this equation coicides with our equation for / in the region x > N, and 
(x) 2 Vn £ L 1 . As above we can apply the standard theory and consider the Jost so- 
lution g+(n, x), k = jO+(A), uniquely determined by the condition e~~ lKX g + {n, x) — > 1 
as x — > +oo; notice however that we must use also complex values of k since p+(X) 
is pure imaginary for |A| < 1. Thus we define n + (n,x) = e~ tKX g + (K,x) and our 
Jost solution m+(A, x) satisfies 

m+(A, x) — n + (p + (X), x) ioix>N. 

From the above mentioned Lemmas we easily deduce part (ii) of the Theorem. 
Notice in particular that the boundedness of the first derivative in (3.22) does not 
follow directly by the statement in Lemma 1 of [13], which only states a quadratic 
growth, but by an examination of the proof (see in particular the last formula on 
page 135; see also [2]). 

To prove the final statements (3.23) and (3.24), it is sufficient to recall estimates 
(ii)-(iii) in Lemma 1 of [13] concerning the classical Jost function n + (z,x): 

[l+nmx(-x,0)}-J^(l + \y\)\V(y)\dy 



|n+(*,aO-l| 



and 



\d x n+(z,x)\ < K 



1 + 1*1 
^{l + \y\)\V{y)\dy 



1 + N 

which are valid for all 3z > and igl. Taking z = p+(X) and x > we conclude 
the proof. □ 

As above, Van der Corput estimates (2.18) will play an essential role in the 
following. We collect in a Lemma some applications that we shall need recurrently: 

Lemma 3.3. Let a,b, A, B £ R and h £ C7 1 (a, b). Then for all t > the following 
estimate holds 

cb 



(3.25) 



J,t\ z p %p+{\)A%\B 



h(X)d\ 



< 30 



L°°(a,b) 



\h'\ 



L l (a,b) 



t 



"1/2 



provided one of the following set of conditions is satisfied: 
(i) A < 0, B el and 1 < a < b; or 
(ii) A £l, B > and 1 < a < b; or 
(Hi) A > 0, B £ R and a < b < 1; or 
(iv) A £ R, B < and a < b < -1. 

Proof. Case (i): choosing the phase <j> as 
(3.26) 



e itX* e ip+{X)A e i\B _ e it<f>(\) 



B 



t(x) = x< + P+ (x)j + x t 



we have 



A 
J 1 



> 2 



since p" < on / = (a, b) C (1 + oo) and A < 0. Thus from the standard estimate 
(2.18) we obtain (3.25) (with a numerical constant 10). 

Case (ii): under the change of variables p = p+(X) i.e. A = (p), the integral 
becomes 

rP+(b) 



P+( a ) 



e^e^e^^hdp^^dp 
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and we can now choose the phase <j) as 

(3.27) e V e .M e .MB = e #M ] 0( M ) =/i 2 +/i ^ + ^^ 
so that 

since B > 0. This implies (3.25) as before. 

Case (iv): we proceed as in (ii), using the change of variables A = — (fi) i.e. fi = 
p+(X) (< for A < —1), and we choose 

(3.28) e ^yM e -*<M}B = e «*( M ) j ^ = + H- - (A»)- 

again with the property cf>" > 2 since B < now. 

Case (iii): we may assume, after possibly splitting the integral on two subinter- 
vals, that we are in one of the two subcases a < b < — lor— 1 < a < 6 < 1. In the 
first case we choose the phase exactly as in (3.26), however p" < for negative A 
so that now the condition A > ensures that cj>" > 2 and again we obtain (3.25), 
with a numerical constant 10. On the other hand, if — 1 < a < b < 1, we rewrite 
the integral in the form 

P e it ^g{X)dX, <HA) = A 2 + A-, g(X) = h{X)e-^- x ^ A . 
By the standard Van der Corput estimate the integral is less than 

however \g\ < \h\ since A > 0, and in addition 

W\\»<\\h'\\ Ll + \\h\\ L ao [ d x e-^- x ^ A d\<\\ti\\ L l+2\\h\\ L - 



since by monotonicity 



-l 



dxe-V-^ 



dX = 2- 2e~ A < 2. 



Summing up, we obtain (3.25). □ 

In order to prove (3.18), we consider three cases, according to the relative signs 
of y and x. 

3.1.1. First case: y < < x. We split the integral (3.18) in the regions A > 1 and 
A < 1. By the usual change of variables fj, = p+(X) = (A 2 — I) 1 / 2 we can write, 
denoting by 1+ the characteristic function of R + , 

• + °° e *uy P+ Wxe -ixy m + (X, x)m (A, y) = 



W(X) 

J-oc W({n)) 
which can be interpreted as a Fourier transform 

(3.29) (l +M ^e^ ^y 

where we inserted an additional even cutoff function \i equal to 1 on the support 
of x- Writing 

Fifot,x,y) = l + (p)e^ 2 e~^y m+ (( f i),x)m.((p) > y) X i((li))^ 
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F2(H) = 



the integral (3.18) can be written as a convolution: 

e lt F\{Z-t,x,y) H KiO 
Thus (3.18) will follow from 



(3.30) sup 



sen, 

»<0<a; 







and 
(3.31) 



< 00. 



In order to prove (3.30) we revert to the variable A = (fj,) and obtain the integral 

r +00 

e ltx2 e- lXy e lp + W tm + {\,x)m-(\,y)xi(\)\d\. 
Using Lemma 3.3 (i), this can be estimated by 

'\\h(X;x,y)\\ LT + \\d x h(X;x,y)\\ L 



30 sup 

y<0<x 



-1/2 



with 



h(X; x, y) = m+(X, x)m_ (A, y)\i (A)A. 



By Theorem 3.2, recalling that y < and x > 0, we obtain (3.30). On the other 
hand, (3.31) follows immediately from the fact that W(A) is continuous and does 
not vanish for real A, as stated in Theorem 3.1. This concludes the proof of (3.18) 
for the region A > 1. 

As for the A < 1 piece of (3.18) 

1 e ^y P+ (A), e -a, m +< A '^- ^' g) Xx(X)dX 

we write it directly as the convolution 

F\(e,t,x,y) * c ^(0 

£=-v 

where the Fourier transform is J^x_>.£, 

F 1 (X;t,x,y) = l ( _ 00 , 1) (A)e itA V''+W*m + (A ) i)m_(A, y)xi(A) 



and 



F 2 (A) 



Ax(A) 
W(A) ' 



Now estimate (3.18) follows from an argument identical to the previous one, but 
using case (iii) of Lemma 3.3 instead of case (i), and the fact that F 2 is continuous 
by Theorem 3.1. 
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3.1.2. Second case: < y < x. Consider the region A > 1 first (the region A < — 1 
is analogous). The main new difficulty here is that m_(A,y) may be unbounded 
as y — > +oo. To overcome this problem, we recall that /_ can be expressed as a 
combination of /+(A, x) and /+(A, a;) which for every A > 1 are two independent 
solutions of (3.2): 



(3.32) f_(X,x) = a + (X)f + (X,x) + b + (X)f+(X,x) 

The quantities a+ and b + are computed in [9] (see formula (1-12) there): 



(3.33) a+ (A) = M A) - W + (A,*),/-(A,*)] - 



2ip + (X) TV ' 2ip+(A) " 2i i o + (A) 

Passing to the functions m + we see that the quantity (3.18) splits in the sum of 
two terms: 

(3.34) e ltx2 e lp + (X) ^ v) m + (X, x)m + {\, y) ^j^. d\ 

and 

(3.35, p^^^A 

The first one, after the change of variable A = (//) and neglecting a factor e lt , gives 



itp, iii(x-y) 



e ^ e 



by Lemma 3.3 and the estimates of Theorem 3.2; notice that both x and y are in 
R + , which is the good side for m+. The second one produces 

^\^ m+ {{,),x)rn + ^y) 

As we did in the first case (see (3.29)), we rewrite this integral as the convolution 
of two Fourier transforms /i — > £ 



where 



£=x+y 



F x {n;t,x,y) = l+(/i)e it ' J m+«/i),x)m+«M>>I/)xi«M». 

while xi is a cutoff equal to 1 on the support of %. Now is i 1 since F2 is 
continuous and compactly supported, and F% is uniformly less than Ci -1 / 2 by 
Lemma 3.3 and Theorem 3.2; 

It remains to consider the region ||A| < 1. In this case the representation (3.32) 
fails, since /+ is real valued and hence /+ = /+. Still we can prove a non uniform 
estimate as follows. The integral to estimate is now 

^ e ^ e - (1 -AY^ e -a ^ + (A,x)m_(A,, ) Ax(A)dA = ^ ^ 

with 

Fi(A;(,i, s ) = l|_i ?1| (A)e" A %-< 1 - A *'" 1 -e-' A "'m + (A,i>i_(A, s ), 
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The Fourier transform F% is L 1 by Theorem 3.1, and if we apply Lemma 3.3 and 
3.2 to Fi we obtain 

f+i 



(3.36) 



< t- 1/2 ■ <Kv) 



-l 

for some continuous function <p(y). However, in general <p may grow exponentially 
and for large values of y > we need a different, uniform estimate. 

The difficulty here is to get a precise control of the asymptotic behaviour of the 
exponentially growing solution /-(A, x) for large positive values of x. In the region 
x > 0, — 1 < A < 1, the functions /+,/- are two independent solutions of the 
equation 

(3.37) /"(A, x) + (A 2 - 1 - V(x))f(X, x) = 

and we know that / + ~ e _ ( 1 ~ A2 - )1 2x is exponentially decreasing. Notice that by 
(3.23) there exists a > such that 

1 3 

(3.38) - < m+(A, x) < - for x > a, X e E. 

and hence, for |A| < 1 and x > a, 

(3-39) l e -(i-A-)^.< /+(Ata!) <| e -(i-A-)V.. 
Then the function g+(A, x) given by 



9- 



.(X,x) = 2(l-X 2 ) 1 / 2 -f + (X,x) 



dy 



la /+(A,y) 2 

is well defined on x > a, |A| < 1 and is a second solution of the equation (3.37) 
there, a well known fact from the general ODE theory which can be easily checked 
directly. 

In the following we shall need both the precise asymptotic behaviour of g+ and 
d x g+ as x — > +oo, and uniform estimates. Recall that (all the asymptotics are for 
x — > +oo, and we restrict A to |A| < 1) 

/+ „ e -d-A 2 ) 1/2 ^ dxf+ „ _ (1 _ ^ji/a^d-A-)^/.. 
by (3.23), (3.24). Then we can write, using de l'Hopital's theorem, 

/+-. 9+ = 2(l-A 2 ) 1 / 2 i^-^2(l-A 2 ) 1 / 2 - /+ - 1 



f+ 2 " ' "2flx/4 

by the previous asymptotics, and hence 

(3.40) .g+^aO-e' 1 -^ 172 *. 
On the other hand we have 

(3.41) d x9+ = °-i± 9+ + 2(1 -p 112 ~ (1 - A 9 )V^-^'- 

Thus we can compute the Wronskian 

(3-42) =2(l-A 2 )!/2 

and in particular we obtain that g + , / + are linearly independent. 

In order to get uniform estimates, we notice that (3.21), (3.20) imply, for x > 0, 
|A|<1 

|0a/+(A,*)| < (C v + | s |) e -(^ 2 ) 1/2 -_J^L_ 

and 

|^x/-(A,a:)| < (l + \x\)<t> v (x)- 
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We have also, for x > a, 

9 (l_ A 2)l/2 

by (3.39), and by the definition of g^ 



dy 



< 



a f + (\y) 2 ~ (i-A2)V 



2(1-A 2 ) 1/2 * 



ie(i-A 9 ) 1/2 (-^) < g+ (X,x) Ktet 1 -*?"*. 
9 

Also from the definition of g+ and the above estimates it follows easily that 

\d xg+ (\, X )\ < c(c v + \ x \)-^L-^-^ 1/2 -. 

Now we can express /_ as a linear combination 

(3.43) f-(X,x) = A(X)g+(X,x)+B(X)f+(X,x), |A| < 1, x > a. 
Taking the Wronskian with / + and recalling (3.42) we obtain 

(3.44) W(X) = A(X)W[g+,f + ] = 2(1 - A 2 ) 1 / 2 A(A). 

We know that W(X) is continuous and does not vanish for real A (Theorem 3.1), so 
that A(X) can not vanish, is continuous for |A| < 1, and must diverge as A —> ±1, 
more precisely, for some C, C > 0, 



(3.45) 



C 



(i-AT^ " A(A) " (T 



a 



on (-1,1). 



A 2 )V2 

From the definition of g+ we see that g+(X, a) = 0, hence (3.43) implies 

n/u /-(A, a) m-(X,a) lXx (1 _ X 2 ) i/2 x 
J+(A,a) m + (X,a) 

Using (3.38), (3.20) and (3.21) we thus obtain 



(3.46) 



|S(A)| < C, \d x B(X)\ < 



C 



By (3.45) and (3.46) we have 
(3 47) 

[ ' A(X) 
Moreover we can represent A(X) as 



(1-A 2 )V2 
< C(l — A 2 ) 1//2 < C for |A| < 1. 



for |A| < 1. 



A(X) = l--B^± 
9+ 9+ 

and by differentiating with respect to A, using the previous estimates we obtain 
easily 

C 



(3 



\dxA{X)\ < 



1- A 2 

Finally, using (3.45), (3.48) and (3.46) we see that 

B(X) 



for |A| < 1. 



(3.49) 



Ox 



A(X) 



< C for |A| < 1. 



We come back to the integral we are set to estimate: 



+i 



f + (X,x)f-(X,y) 



XdX 
W{X~j' 



< y < x. 
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When y < a we can use estimate (3.36) already proved, and it remains to consider 
the case x > y > a. In this region the representation (3.43) applies and the integral 
can be written 

-l 



f + (X,x)\g + (X,y) + 



A(X) 



U(\y) 



A 



2(1 _ A 2)l/2 



dX 



where we have used identity (3.44). Recalling the definition of g + , we see that it is 
enough to estimate the two integrals 

" +1 e^ 2 f + (X,x)f + (X,y) B{X] 



h 



XdX 



and 



+i 



e* tA f + (X,x)f + (X,y) 



A(X) 2(1-A 2 )V2 
"' S ,.WA 



la /+(A,S) 2 ' 

since the corresponding integrals on — 1 < A < can be handled exactly in the 
same way. We rewrite I\ in terms of m + and perform the change of variables 
A = (1 - fi 2 ) 1/2 to obtain 



h 



*hi(ji)dn 



where 



m + ((l-M 2 ) 1/2 ,a;) 



< C 



By (3.21) we have 
(3.50) 
and 

(3.51) <Vn + ((l -/i 2 ) 1/2 ,x) = 9Am + (A,x)| A=(1 _ M2)1/2 _ /2 

for some C independent of x > 0. Moreover by (3.47), (3.49) we have 

5(1-^/2) 



< C 



(3.52) 
and 



A(l-/x 2 )V2) 

5(1-^/2) 



<C|/i| 



M A(1 - M 2 )l/2) 

Finally, for x, y > 0, we have 

e ~fJ.(x+y) < ^ 



< c 



(1-^2)1/ 



172 €^(0,1). 



|fl e -/*(«+»)| < ( x + y)e-rt x +v) < JL 



and we notice that the 1 singularity is canceled by the \fi\ factor from estimate 

(3.52) . In conclusion, we see that the amplitude h\{ii) in Ii satisfies 

IMU°°(o,i) + II^MUho,!) - C 
for a C independent of x, y > a. A standard application of van der Corput Lemma 
(2.18) gives then 

(3.53) \h\<C\t\- 1/2 . 

In order to estimate the second integral I2, after the same change of variables 
A = (1 — /i 2 ) 1 / 2 , we rewrite it in the form 

-^ 2 /i 2 ( M )d M 
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with 



fca(/i) = m+((l - /i 2 ) 1 / 2 , - y, 2 ) 1 / 2 , y) 



H(2s-x-y) dg 



a m + ((l- M 2)i/2 iS) 2- 



We further split 



a m + ((l-/i 2 )V2 jS )2 

1 1 

— _ P ^(y- x ) -^(2o-x-k) , / 

" 2 6 2 6 + i Q 



/te 



_m+((l-/i 2 ) 1 /2 jS )2 
(where we have added and subtracted 1 inside the integral). This gives 



where 



- y) ds. 



h=h+h + h, Ij = e U / e- u » hj {rfdn 

Jo 

ft 3 = ^- a; )m + ((l-M 2 ) 1/2 ,x)-m + ((l-M 2 ) 1/2 ,2/), 
t = -\e«*-*-y)m + ({l x) ■ m+((l - M 2 ) 1/2 , 2/), 



^5 = m+((l - m 2 ) 1/2 , i)-m+((l - m 2 ) 1/2 , V)x 



1 



- 1 



_m+((l -/i 2 )i/2 iS )2 
The function hs satisfies 

ll^3lU-(o,i) < c, HWUw) < c 

with C7 independent of x, y > 0; this follows from (3.50), (3.51) and the fact that 



< i 



by monotonicity, since x > y. Thus a direct application of van der Corput Lemma 
(2.18) gives 

|/ 3 | < C\t\-^ 2 ; 

an identical argument gives 

\h\ < C\t\^ 2 . 

Finally we focus on the more difficult term 1$. It is easy to check that the 
function h§ is uniformly bounded, using (3.50) and the inequality 



< 4 



, : , , < •'',/«• 2 for x>y>a. 

la m + {{l- fi 2 ) 1 ' 2 ,sy 

which follows from (3.38). Next, we need to prove a uniform bound for d^h^ in 
L 1 (0, 1). We have already seen that all three factors in /15 are bounded, and the 
first two have a uniformly bounded derivative by (3.50), thus it remains to check 
that 

1 



m+((l-At 2 ) 1 /2 ;S )2 



1 



d^<C 



Expanding the derivative gives the two terms 



P : 



d M [m+(p. - M 2 )^ 2 , s)} ^.-x-rij. 



and 



Q 



m + ((l-/i 2 )i/2 ;S )3 
1 

1 



</// 



m+((l- fi 2 )V 2 ,sf 



d^(fj,e^ 2s - x -^)di 



dfx. 
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Since m+ > 1/2 and |9 M [m + ((l — /i 2 ) 1 / 2 , s)] | < C, the quantity P is bounded by 
P < C 



i /-j/ 

J a 



In order to bound Q, we first notice that 
1 



fj,e^ 2s - x - v) ds dfi < C for x, y > a. 
it 

l-m+ai-^ 2 ) 1 / 2 ,*) 2 <CW(«) 



1 



< C 



m+((l -/i 2 ) 1 /2 jS )2 
by (3.23), where 

M*i= / n kwnoi< 

This implies 



< 



i r v 







c7 V (s) • 1 1 + m(2s - x - y) I • e^ 2s ~ x - y Us dfx. 



Exhanging the order of integration and changing variables with s — (x + y — r)/2, 
fx = u/r, we obtain 

pX-\-y— 2a 

cry 



x-y 



x + y — r 



Since 



1 

r 

we have the estimate 



II - u\e~"dv < 



C 
1 + r 



II - v\e- ,y dv 



<C for r > 0, 



cry 

x— 1/ 

OO Z' + OO 



x + y — r 



dr = av(s)ds < 



av{s)ds 



+oo 



< 



by the assumption on V. In conclusion, Hc^/isIIl 1 is uniformly bounded and we 
obtain 

141 <C|*|- 1/2 
and the proof of this case is concluded. 

3.1.3. Third case: y < x < 0. The proof is similar to the second case but easier. In 
the integral (3.18), the troublesome factor is now /+(A, x) which can be expressed 
for all A using formulas (1.10)-(1.13) in [9] as 



(3.54) 
where 

(3.55) 



o_(A) = 



/+ (A, x) = a_ (A)/_ (A, x) + 6_ (A)/_ (A, x) 
W(X) 



6_(A) = 



W[f + (X,x)J.(X,x)] _ W 2 (X) 



2iX ' w 2iX 

Then (3.18) splits in the sum of the two terms 

" e ^A 2 e iX*-v) m _(x, x )m- (A, y)^dX 



2iX 



(3.56) 
and 
(3.57) 



2/ 



+ 00 



e «A" e -iX(z + y) m _ n x)m _ (A, y) X{X)W2{X) dX 

2i 



which can be estimated exactly as (3.34) and (3.35) above; it is not necessary to 
handle the region |A| < 1 any differently since (3.54) is available for all A. 
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3.2. High frequencies. In this section we study the part of the solution corre- 
sponding to high frequences 



(3.58) P ac (l - X (H))e UH f = J e ux R(X 2 + iO)fX^(X)dX, rp = 1 - X 

where ip(X) = 1 — x(A) vanishes for |A| < Aq, Ao to be chosen. Notice that the 
following argument requires only V G L 1 (R). 

The resolvent R for the operator H = — d 2 + V(x) + 1+ and the resolvent i?o of 
the operator — d 2 + 1 + are related by the standard identity 

R (z) = (I + R V)R, 

which can be formally expanded to 

R(X 2 + iO) = ^(-l) fe (i? (A 2 + iO)V) k R (X 2 + iO). 

fc>0 

We represent fc-th term of the series using the explicit espression (2.5) of the free 
kernel K\ as 

(R V) k R f = J K x (x, y )V(y Q )K x (y , yx)V{y x ) . . . K x (y k ^ u y k )f(y k )dy ...dy k 
and this leads to the representation 

(3.59) P ac (l - X (H))e itH f = ^(-l) fc A fc / 

fc>0 

where 

(3.60) A k f = J dy - J dy k V(y ) . . . V(y k )^ k (X; t, x, y , . . . , y k )f(y k ) 
and 



(3.61) ~/ k (X;t,x,y ,...,y k ) =1 e l K\(x, y ) . . . K x (y k -i, y k )Xx(X)dX. 

We shall prove that, if Ao is large enough that p+(Xo) > 1, we have 

(3.62) hk\<C-t- 1 / 2 p+(X )- k 

with a constant independent of k,yo, . . . ,y k . By (3.60) this implies 

\A k f\ <C-t- 1 / 2 ||F|| il/9+ (A )- fc 

and hence, choosing 

(3.63) A = p; 1 (2||y|| il +2) 

we obtain at the same time the convergence of the expansion (3.59) for t > and 
the claimed decay estimate for the solution. 

Thus let us focus on proving (3.62). The term Aq coincides with the expression of 
the solution when V = 0, so the estimate we need was already proved in Section 2. 
Thus let us consider the terms A k with k > 1 (with some additional care necessary 
when k = 1, see the end of the proof). By examining the explicit expression (2.5) 
we see that the product of kernels K\ has the form 

(3.64) K\(x, y )... K x (jlk-i,Vk) - E J^k+i^^ 3 ^) 
where: 

(1) the number of terms in the sum does not exceed 2 fe+1 ; 

(2) the quantities A, B are linear combinations of x, yo, ■ ■ ■ , J/fc with the property 
that 

A>0, B>0; 
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(3) the functions cr(A) are products of the form 

1 1 



a ( X ) = 77 7- 



(A 



1 A- P+ 
P+ A + p+ 



X 1 \XX + p +/ 

where the non negative integers £,m,n,p,q satisfy 

£ + m + n + p + q = k + l. 

We elaborate a little on the properties of the functions a. Notice that we are in 
the region |A| > A > 1. Using the identity A — p + = (A + /9+) _1 we rewrite the 
expression of a in the simpler form 

o-(A) 



In particular, we notice that er(A) is monotone decreasing on A > 1 and monotone 
increasing on A < — 1, and for |A| > Ao we have (since |A| > |p + | and p+(Xo) > 1) 

(3.65) |a(A)| < ^(Ao)-^^^ 3 ^ < p+iXo)-^ 1 . 

Thus cr(A) is monotone and satisfies the bound (3.65); when k > 2, a direct appli- 
cation of Lemma 3.3, keeping into account that A, B > and also the additional 
factor A (which is bounded by 2p + (A) with our choice of Ao) gives 



e^ WP+lX)B a(X)X X (X)dX 



< 240p+(A ) 



Summing the estimates over all the terms in (3.64) and noticing the power of 2 at 
the denominator, we conclude the proof of (3.62) with a constant C = 240. 

In the case k = 1 there is an additional technical difficulty due to the fact that 
the convergence of the integral in A must be justified since the integrand decays 
like A -1 only. To this end it is sufficient to approximate Aif by introducing an 
additional cutoff of the form x(A/M) and noticing that the estimate is uniform as 
M ->■ cxi. 

The proof of the high energy case is concluded. 

Appendix A. Two lemmas 
Lemma A.l. For all X € C£(K) and A ^ 0, 



(A.l) 



X {X)X- 1 ' 2 dX 



<^\\ x '\w-\A\-y\ 



Proof. Notice the inequality 



||xlU°° < llx'IU 1 



since x is compactly supported. We split the integral as J Q + J e and we calculate 

A- 1 / 2 dA<2 £ 1 /2|| x1 | L1 . 

For the remaining piece, integration by parts gives 



/' 


< llxlk- 


/ 


Jo 




Jo 



iA 



-1/2 _ 



iXA 



dx( X X- 1/2 ) 



so that 
.4 



< 



/OO -i p OO 

\x'\X~ 1/2 + l / lx|A- 3/2 <3||x'|U l£ - 1/2 



Thus the complete integral satisfies 



poo 


< Wx'Wv ( 


Jo 





A/2 A 
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and chosing e = 3/(2A) we obtain (A.l). □ 
Lemma A.2. For all X G (M) and A^O, 



(A.2) 



e 4AA X (A)A 1 / 2 dA 



<5||x"/2 + Ax , |Ui-|^" S/3 - 



Proof. It is sufficient to apply the previous Lemma to the identity 

/>OG />00 

iA/ = -/ e iXA (\x'+x/2)X- 1/2 d\. 
Jo Jo 

□ 
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